Juan Andrés Cabral

Characteristic polynomial, eigenvalues, and eigenvectors

For each of the following matrices, perform the following tasks:
1. Find the characteristic polynomial

2. Find the eigenvalues and the associated eigenvectors
a)
1 2
3 2
2 -1 -1
4 -8 —6
-4 11 9

b)
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Solution

a) Characteristic polynomial

The characteristic polynomial of A is obtained by computing

p(A) = det(4A — AI)

1-A 2
a-ar= (50,2

p(A)zdet(lg)\ 23/\>:(1—)\)(2—)\)—(3.2)

In this case,
Therefore,

Expanding the terms:
PN =1=N2-N)=6=2-A-22+X) —6=X2—-31—4

We can factorize it as:
M3\ —4=A—-4)(\+1)

Thus, the characteristic polynomial of A is

p(A) =X —3x—4

Eigenvalues and eigenvectors

From the factorization above, we obtain the eigenvalues:

M=4, A=-—1

Eigenvalue \; =4

To find the associated eigenvector, we solve

(A—4)v=0

1-4 2 -3 2
A_4I_<3 2—4)‘(3 —2)

Let v = <;> The resulting linear system is:

In matrix form:

—3xr+2y=0
3r—2y=0

Both equations are equivalent. From the first one,

3
—3rx+2y=0 = 2y=3r — y:§:c

Choosing, for example, x = 2, we get y = 3. A corresponding eigenvector is:

-
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b)

Eigenvalue A\, = —1

For the second eigenvalue, we solve

(A= (-))v=0 = (A+I)v=0

(141 2\ (2 2
A+I_(3 2+1>_<3 3)

Let v = (;) The resulting linear system is:

In matrix form:

204+ 2y =0
3r+3y=0

From the first equation,
2z4+2y=0 = 2z+y=0 = y=-x

Choosing, for example, x = 1, we get y = —1. A corresponding eigenvector is:

()

The characteristic polynomial of A is obtained by computing

p(A) = det(4A — AI)

Characteristic polynomial

In this case, considering

2 -1 -1
A=14 -8 —-6],
-4 11 9
we have
2—A -1 -1
A— )X = 4 —-8—-X -6
—4 11 9—A
Therefore,

2—A -1 -1
p(A)=det[ 4 8- —6
—4 11 9—-A

Expanding along the first row, we obtain:
p(A) = (2= X)(A* =1 -6)

Noting that
M-A—6=\-3)(A+2)

Thus, the characteristic polynomial of A is

pA) =2=NA=3)(A+2)

Eigenvalues and eigenvectors

From the factorization above, we obtain the eigenvalues:
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Eigenvalue A\ =2

To find the associated eigenvector, we solve

(A-2)v=0
In matrix form,
2—-2 -1 -1 0o -1 -1
A-2] = 4 —-8-2 —6 |=[4 -10 -6
—4 11 9—-2 -4 11 7
x
Let v = [ y |. The resulting system is:
z
—y—z2=0
4 — 10y — 62 =0
—4dx+11ly+72=0
From the first equation, we have y = —z. Substituting into the second:

dx —10(—2) —6z=4x+ 10z —6z=4r+42=0 = zx=—z

Choosing, for example, z = 1, we obtain:

-1
V] = —1
1
Eigenvalue \s =3
To find the associated eigenvector, we solve
(A-3)v=0
In matrix form,
2-3 -1 -1 -1 -1 -1
A-3I= 4 —-8-3 -6 |=[4 -11 -6
—4 11 9-3 -4 11 6
x
Let v = [ y |. The resulting system is:
z
—xrx—y—2z=0
dr — 11y — 62 =0
—4dx+11ly+62=0
From the first equation, x + y + z = 0, which means © = —y — 2. Substituting into the second:

4(—y—2)—1ly—6z2=—4y —4z— 11y — 62 = —15y — 102 =0
which simplifies to:

2
15y +10z=0 = y:—gz

_ (2 2,1

-1
Vo = —2
3

Then,

Choosing z = 3, we obtain:
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Eigenvalue A3 = —2

To find the associated eigenvector, we solve

(A+2)v=0
In matrix form,
242 -1 -1 4 -1 -1
A+421 = 4 —-8+2 —6 |=4 -6 —6
—4 11 9+2 -4 11 11
x
Let v= [ y |. The resulting system is:
z
dr—y—2=0

dr — 6y — 62 =0
—4r+1ly+ 112 =0

yjz. Substituting into the second:

From the first equation, we obtain 4x = y + z, which means x =

4<yzz> —by—6z=y+2—-06y—6z=-5y—52=0

which implies that y + 2z =0 or y = —z. Then, x = 0. A corresponding eigenvector is:

0
V3 = —1

1
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